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The Cyclic Model for P G(n, q) and a Construction of Arcs
GIORGIO FAINA, GYO¨RGY KISS, STEFANO MARCUGINI AND
FERNANDA PAMBIANCO
The n-dimensional finite projective space, PG(n, q), admits a cyclic model, in which the set of
points of PG(n, q) is identified with the elements of the group Zqn+qn−1+···+q+1. It was proved by
Hall (1974, Math. Centre Tracts, 57, 1–26) that in the cyclic model of PG(2, q), the additive inverse
of a line is a conic. The following generalization of this result is proved:
In the cyclic model of PG(n, q), the additive inverse of a line is a (q + 1)-arc if n + 1 is a prime and
q + 1 > n.
It is also shown that the additive inverse of a line is always a normal rational curve in some subspace
PG(m, q), where m + 1|n + 1.
c© 2002 Academic Press
1. INTRODUCTION
Let PG(n, q) be the n-dimensional projective space over the finite field G F(q). A k − arc
in PG(n, q) is a set K of k points with k ≥ n+1 such that no n+1 points lie in a hyperplane.
The subject of arcs in PG(n, q) is vast and we will introduce only the concepts and the results
that we need in this paper. For more details, one can refer to [3] and [5]. The n-dimensional
finite projective space, PG(n, q) admits a cyclic model ([3] pp. 95–98), in which the set of
points of PG(n, q) is identified with the elements of the group Zqn+qn−1+···+q+1. Let this
identification be given by the bijection φ. We define the additive inverse of a set of points of
PG(n, q) using this identification. Let R be any point of PG(n, q) and let r = φ(R) be the
corresponding element of the group Zqn+qn−1+···+q+1. Then let us denote by −R that point
of PG(n, q) which corresponds to −r, where −r is the additive inverse of r in the group
Zqn+qn−1+···+q+1. Finally if S = {P1, P2, . . . , Pk} is any set of points of PG(n, q), then we
call the set −S := {−P1,−P2, . . . ,−Pk} the additive inverse of S. It was proved by Hall [2]
that in the cyclic model of PG(2, q), the additive inverse of a line is a conic. The intent of
this paper is to produce a generalization of this result for any dimension.
The remainder of this article is organized as follows. Section 2 contains the detailed descrip-
tion of the cyclic model of PG(n, q). In Section 3 the geometric properties of the additive
inverse of a hyperplane and a line are discussed and the generalization of Hall’s result is
proved.
2. THE CYCLIC MODEL FOR PG(n, q)
The following non-classical embedding of PG(n, q) into PG(n, qn+1) is a generalization
of the known embedding of PG(2, q) into PG(2, q3) (see e.g. [1, 4]).
Let a be a generator in the multiplicative group formed by the (qn + qn−1 + · · · + q + 1)-th
roots of unity in G F(qn+1). Let q[i] be a shorthand notation for q i + q i−1 + · · ·+ q + 1, and
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let A be the (n + 1)× (n + 1) diagonal matrix
A =

aq[n−1] 0 0 . . . 0 0
0 aq[n−2] 0 . . . 0 0
0 0 aq[n−3] . . . 0 0
...
...
...
. . .
...
...
0 0 0 . . . a 0
0 0 0 . . . 0 1

.
Then A has order q[n]. The points of PG(n, q) are those points Pk of PG(n, qn+1) which
have a coordinate vector of the form
Ak(1, 1, . . . , 1)T
where k ∈ {0, 1, . . . , qn + qn−1 + · · · + q}.
The hyperplanes of PG(n, q) are formed by those points of type Pk which are contained in
the hyperplanes of PG(n, qn+1) having equation
bq[n−1]−q[n−2]X0 + bq[n−1]−q[n−3]X1 + · · · + bq[n−1]Xn−1 + Xn = 0
where b is a q[n]-th root of unity in G F(qn+1). Let us denote by pib the hyperplane corres-
ponding to b. The elements ak for any k are q[n]th roots of unity in G F(qn+1), hence they
are non-zero (q − 1)-st powers in G F(qn+1). Thus for any ak and b there are elements c, d
such that ak = cq−1 and b = dq−1. It means that the expression
bq[n−1]−q[n−2]akq[n−1] + bq[n−1]−q[n−3]akq[n−2] + · · · + bq[n−1]ak + 1
can be written as
dqn
c
(
cq
n
dqn−1
+ c
qn−1
dqn−2
+ · · · + c
q
d
+ c
dqn
)
= d
qn
c
· T r
(
c
dqn
)
where T r : G F(qn+1)→ G F(q) is the trace function T r(x) = xqn + xqn−1 + · · · + xq + x .
Thus the points of type Pk on any hyperplane pib correspond to points on an n-dimensional
subspace through the origin when G F(qn+1) is interpreted as an (n + 1)-dimensional vector
space over G F(q). Hence the points Pk form a cyclic model of PG(n, q).
Let m + 1 be a divisor of n + 1. Then G F(qm+1) is a subfield of G F(qn+1), and aq[n]/q[m]
is a generator element in the multiplicative group formed by the q[m]-th roots of unity in
G F(qm+1) ⊂ G F(qn+1). The projective space PG(m, q) can be embedded into
PG(m, qm+1) as it was described previously, and PG(m, qm+1) can be considered as a sub-
space of PG(n, qn+1). Now the projective space PG(n, q) contains a special m-dimensional
subspace, Pm . The points of Pm are those points of PG(n, qn+1) whose coordinate vector
have the form
Ak(1, 1, . . . , 1)T
where k ∈ {0, q[n]/q[m], 2q[n]/q[m], . . . , (q[m]−1)q[n]/q[m]}. The points ofPm are com-
pletely determined by their first m + 1 coordinates, because (aq[ j])q[n]/q[m] =(
aq[ j+i(m+1)]
)q[n]/q[m] for all i ∈ {1, 2, . . . , q[n]/q[m] − 1} and j ∈ {0, 1, . . . ,m}. A hyper-
plane pib is a hyperplane of Pm if and only if b is a q[m]-th root of unity. In this case
bq[n−1] − bq[n−i] = bq[m−1] − bq[m−i] for all i = 1, 2, . . . , n, thus the hyperplanes of Pm are
also completely determined by their first m + 1 coordinates.
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Let S and T be two distinct points of Pm with coordinate vectors
(
1, 1, . . . , 1
)T
and(
tq[n−1], tq[n−2], . . . , t, 1
)T
, where t is a q[m]-th root of unity. The line joining them in
PG(n, qn+1) contains those points Pα which have coordinate vector of the form(
α + (1 − α)tq[n−1], α + (1 − α)tq[n−2], . . . , α + (1 − α)t, 1)T
where α ∈ G F(qn+1). The point Pα is in Pm if and only if there exists a q[m]-th root of unity
c such that
α = t − c
t − 1 =
tq+1 − cq+1
tq+1 − 1 = . . . =
tq[m−1] − cq[m−1]
tq[m−1] − 1 .
From these equations we get that c is a root of the equations
cq[i](t − 1)− c(tq[i] − 1)− t + tq[i] = 0 (1.i)
for i = 1, 2, . . . ,m − 1. The line joining S and T has q + 1 points in Pm , and for i = 1,
Eqn (1.i) has at most q + 1 roots. Any point on the line corresponds to a root of the equation.
Hence Eqn (1.i) has exactly q + 1 distinct roots in G F(qm+1), each of the q + 1 roots of
Eqn (1.i) satisfies the Eqns (1.i) for i = 2, 3, . . . ,m − 1, and each root is a q[m]-th root of
unity. From these equations we can express the coordinate vector of Pα in such a way that the
entries contain only linear terms (and not powers) of c. The coordinate vector can be written
such that the i th (i = 0, 1, . . . ,m − 2) entry is
(t − 1)(α + (1 − α)tq[m−1−i]) = c(tq[m−1−i] − 1)+ t − tq[m−1−i],
while the mth and (m + 1)-st entries are c(t − 1) and t − 1, respectively.
3. THE ADDITIVE INVERSE OF A LINE
First we investigate the additive inverse of a hyperplane of Pm .
LEMMA 3.1. Let m+1 be any divisor of n+1. In the cyclic model of PG(n, q) the additive
inverse of a hyperplane of Pm is contained in a surface of degree m.
PROOF. Consider the cyclic representation of PG(n, q) in Zq[n]. Now the point Pk corres-
ponds to the element k, hence the additive inverse of Pk is P−k . Thus the additive inverse
of Pm is Pm itself. If Pk has coordinate vector (x0, x1, . . . , xn)T , then −Pk has coordinate
vector
( 1
x0
, 1
x1
, . . . , 1
xn
)T
.
Let pib be a hyperplane of Pm . Then the first m + 1 coordinates of the points of −pib satisfy
the equation
bq[m−1]−q[m−2] 1
X0
+ bq[m−1]−q[m−3] 1
X1
+ · · · + bq[m−1] 1
Xm−1
+ 1
Xm
= 0.
It means that −pib is contained in the surface Sb of degree m which has equation
m−2∑
i=0
(
bq[m−1]−q(m−2−i)
5mj=0 X j
X i
)
+ bq[m−1]5
m
j=0 X j
Xm−1
+ 5
m
j=0 X j
Xm
= 0.
2
THEOREM 3.2. Let ` be any line through the point (1, 1, . . . , 1)T in the cyclic model of
PG(n, q). Let m be the smallest integer for which ` is contained in Pm . Then −` is a (q+1)-
arc in Pm if q > m.
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PROOF. Let ` be the line ST . If Pm contains `, then it also contains −`. Suppose that −`
is not an arc. Then there is a hyperplane pib of Pm which contains more than m points of −`.
Thus the additive inverse of pib, which is a surface of degree m by Lemma 3.1, contains more
than m points of `. So this surface contains the whole line ST . Hence the coordinates of Pα
satisfy the equation of the surface Sb. Let us write the coordinates of Pα into this equation. We
can consider the left-hand side as a polynomial of c. This polynomial has degree m because
each coordinate is a linear expression in c. Let us write it in the form
f (c) =
m∑
i=0
Ai ci .
It is easy to calculate the main coefficient Am of f (c):
Am = (tq[m−1] − 1)(tq[m−2] − 1) . . . (t − 1).
This is not equal to zero, because m is the smallest positive integer for which tq[m] = 1 holds
by the definition of m. Hence the polynomial f (c) of degree m has q + 1 > m distinct roots,
because each root of Eqn (1.1) corresponds to a point of the line ST . This contradiction means
that −ST is an arc in Pm . 2
Now it is easy to prove the following.
THEOREM 3.3. If q + 1 > n then in the cyclic model of PG(n, q) the additive inverse of a
line is always an arc in some subspace PG(m, q), where m + 1 is a divisor of n + 1.
PROOF. The collineation group generated by σ : Pk → Pk+1 maps Pm to Pm and is
transitive on the points of PG(n, q). Thus any line can be mapped to a line through the point
(1, 1, . . . , 1)T and then we can apply Theorem 3.2. 2
If n + 1 is a prime, then m + 1|n + 1 implies m = n, thus we proved the following
generalization of Hall’s result:
THEOREM 3.4. In the cyclic model of PG(n, q) the additive inverse of a line is an arc if
n + 1 is a prime and q + 1 > n.
Elementary calculation shows that the additive inverse of any line is always a normal ratio-
nal curve in the corresponding subspace, because the coordinates of the points of the inverse
can be expressed by independent polynomials of degree m.
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